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1 Introduction

Fractional calculus is a very fast developing subject of mathematics which deals with the study of
fractional order derivatives and integrals. Many applications of fractional calculus can be found
in image processing, nonlinear biological systems, fluid dynamics, stochastic dynamical systems,
nonlinear control theory, plasma physics and controlled thermonuclear fusion and in quantum
mechanics. Fractional calculus is a proficient tool to study many complex real problems (Hilfer,
2000). The fractional integral operator has many interesting applications in various subfields in
applicable mathematical analysis. The results given in (Miller & Ross, 1993; Kiryakova, 1997;
Srivastava et al., 2006) can be referred to for some basic results on fractional calculus. During
the past four decades, a number of researches have studied the properties, applications, and dif-
ferent extensions of various operators of fractional calculus (Marichev, 1974; Oldham & Spanier,
1974; Kiryakova, 1993, 2006; Kilbas et al., 2006). A useful generalized of hypergeometric frac-
tional integrals, including the Saigo operators (Saigo, 1978, 1979, 1980) has been introduced by
(Marichev, 1974) and later extended and studied by Saigo and Maeda [(Saigo & Maeda, 1998),
p.393, eqn. (4.12) and (4.13)] in terms of any complex order with Appell’s function F3(.) in the
kernel as follows:

Let η, η′, σ, σ′, ϱ ∈ C and x > o; then the generalized fractional calculus operators (MSM
operators) involving the Appel Function are defined by the following equations

(
Iη,η

′,σ,σ′,ϱ
0,+ f

)
(x) =

x−η

Γ(ϱ)

∫ x

0
(x− t)ϱ−1 t−η′F3

(
η, η′, σ, σ′; ϱ; 1− t

x
, 1− x

t

)
f(t)dt (1)
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and (
Iη,η

′,σ,σ′,ϱ
0,− f

)
(x) =

x−η′

Γ(ϱ)

∫ ∞

0
(t− x)ϱ−1t−ηF3

(
η, η′, σ, σ′; ϱ; 1− t

x
, 1− x

t

)
f(t)dt (2)

with R(ϱ) > 0.
The generalized fractional integral operators of (1) and (2) are introduced by (Marichev,

1974) and later was studied and extended by Saigo and Maeda (Saigo & Maeda, 1998) and this
fractional integral operator is known as Marichev-Saigo-Maeda Operators (MSM operator).
In (1) and (2), F3 denotes the 3rd Appell function (also known as Horn Function) (Srivastava
& Karlson, 1985)

pFq(η, η
′, σ, σ′; γ;x; y) =

∞∑
n=0

(η)m(η′)n(σ)m(σ′)n
(γ)m+n m! n!

xmyn; max{|x|, |y|} < 1.

In recent times, many researchers have studied the image formulas for Marichev-Saigo-Maeda
(MSM) fractional integral operators relating different special functions.

The resultant fractional differential operators have their particular forms:

(
Dη,η′,σ,σ′,γ

0,+ f
)
(x) =

(
d

dx

)[ℜ(γ)]+1 (
I
−η′,−η,−σ′+[ℜ(γ)]+1,−σ,−γ+[ℜ(γ)]+1
0,+ f

)
(x) (3)

and (
Dη,η′,σ,σ′,γ

0,− f
)
(x) =

(
− d

dx

)[ℜ(γ)]+1 (
I
−η′,−η,−σ′,−σ+[ℜ(γ)]+1,−γ+[ℜ(γ)]+1
0,− f

)
(x). (4)

The Mittag Leffler function was introduced in (Mittag-Leffler, 1903) as

Eρ(x) =
∞∑
n=o

xn

Γ(ρn+ 1)
(x ∈ C;ℜ(ρ) > 0) (5)

(Wiman, 1905) defined as following the generalized form of Mittag Leffler function and applied
to various fields (Dorrego et al., 2012; Gorenflo et al., 1998; Rahman et al., 2017)

Eρ,σ(x) =
∞∑
n=o

xn

Γ(ρn+ σ)
(x, σ ∈ C;ℜ(ρ) > 0). (6)

(Prabhakar, 1971) defined the generalized M-L function as

Eγ
ρ,σ(x) =

∞∑
n=0

(γ)n
Γ(ρn+ σ)

xn

n!
(x, σ, γ ∈ C;ℜ(ρ) > 0), (7)

where (γ)n denotes the Pochhammer symbol defined (γ ∈ C), in the terms of the familiar gamma
function Γ [(Srivastava & Choi, 2012), p.2 and p.5] by

(γ)n =
Γ(γ + n)

Γ(γ)
=

{
1 (n = 0; γ ⊂ {0}
γ(γ + 1) · (γ + n− 1) (n ∈ N ; γ ∈ C .

(Ozarslan & Yilmaz, 2014) investigated and introduced the extended Mittag-Leffler function as
following

Eλ,µ
δ,ν (t; p) =

∞∑
n=0

Bp(λ+ n, µ− λ)

B(λ, µ− λ)

(µ)n
Γ(δn + ν)

tn

n!
(t, ν ∈ C; p > 0;ℜ(ν) > ℜ(λ) > 0,ℜ(δ) > 0),

(8)
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where Bp(m,n) is the extended beta function (Chaudhry et al., 1997) defined by

Bp(m,n) =

∫ 1

0
Um−1(1− u)n−1e

− p
u(1−u)du (min{ℜ(p),ℜ(m),ℜ(y)} > 0).

B0(m,n) = B(m,n) is the familiar beta function given by (see, section 1.1 (Srivastava & Choi,
2012))

B(m,n) =


1∫

0

um−1(1− u)n−1du (min{R(m),R(n)} > 0),

Γ(m)Γ(n)
Γ(m+n) (m,n ∈ C/Z−

0 ).

The generalized hypergeometric series pFq is defined by (see, section 1.5 (Srivastava & Choi,
2012))

pFq

[
α1, . . . , αp;
β1, . . . , βq;

x

]
=

∞∑
n=0

(α1)n . . . (αp)n
(β1)n . . . (βq)n

xn

n!

=p Fq(α1, . . . , αp;β1, . . . , βq;x).

(Sharma & Devi, 2015) introduced and studied the extended Wright generalized hypergeometric
function as

m+1Ψn+1

[
(ai, Ai)1,m , (γ, 1);

(bj , Bj)1,n , (c, 1);
x; p

]
=

1

Γ(c− γ)

∞∑
k=0

Γ(ai + kAi)

Γ(bj + kBj)

Bp(γ + k, c− γ)xk

k!
(9)

(ℜ(p) > 0,ℜ(c) > ℜ(γ) > 0;m,n ∈ N0; ai, bj ∈ C, AI , Bj ∈ ℜ+; i = 1, . . . ,m; j = 1, . . . , n) with

n∑
j=1

Bj −
n∑

i=1

Aj > −1.

(Galue, 2003) introduced a generalization of the Bessel function of order h given by

δJh(ξ) =

∞∑
k=0

(−1)k

Γ(δk + h+ 1)k!

(
ξ

2

)2k+h

; ξ ∈ ℜ; δ ∈ N = {1, 2, . . . }. (10)

(Baricz, 2010) investigated Galue-type generalization of modified Bessel function as

δJh(ξ) =

∞∑
k=0

1

Γ(δk + h+ 1)k!

(
ξ

2

)2k+h

; ξ ∈ ℜ; δ ∈ N. (11)

The Struve function of order h is given by

Hh(ξ) =

∞∑
k=0

1

Γ
(
k + 3

2

)
Γ
(
k + h+ 3

2

) (ξ

2

)2k+h

; ξ ∈ ℜ; δ ∈ N (12)

is a particular solution of the non-homogeneous Bessel differential equation

ξ2 y′′(ξ) + ξ y′(ξ) + (ξ2 − h2) y(ξ) =
4
(
ξ
2

)h+1

√
πΓ

(
h+ 1

2

) ,
where Γ is the classical gamma function whose Euler’s integral is given by Srivastava and Choi
(Samko et al., 1993)
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Γ(ξ) =
∫∞
0 e−t tξ−1dt ;ℜ(ξ) > 0.

The generalizations of Struve function are found in (Bhownick, 1962, 1963; Kanth, 1981; Nisar et al.,
2016; Singh, 1974, 1985, 1988, 1989).
Another generalization of Struve function given by (Orhan & Yagmur, 2013, 2014) is

Hh,b,c(ξ) =

∞∑
k=0

(−c)k

Γ
(
k + 3

2

)
Γ
(
k + h+ b

2 + 1
) (ξ

2

)2k+h+1

;h, b, c ∈ C. (13)

The generalized Galue Type Struve function (GTSF) was recently defined by (Nisar et al., 2016)
as

aWα,β
p,b,c,ξ(z) =

∞∑
k=0

(−c)k

Γ(αk + β)Γ
(
ak + p

ξ +
b+2
2

) (z
2

)2k+p+1
; a ∈ N ; p, b, c ∈ C, (14)

where α > 0, ξ > 0 and β is arbitrary parameter.
When α = a = 1, β = 3

2 and ξ = 1 in above equation, it turns to the generalization of Struve
function defined by (Orhan & Yagmur, 2013, 2014)

Hp,b,c(z) =

∞∑
k=0

(−c)k

Γ
(
k + 3

2

)
Γ
(
k + p+ b+c

2

) (z
2

)2k+p+1
; p, b, c ∈ C.

Details related to the function Hh,b,c(z) and its particular cases can be seen in (Baricz, 2010;
Mondal & Swaminathan, 2012; Mondal & Nisar, 2014; Nisar et al., 2016).

2 Marichev-Saigo-Maeda fractional integral representation
involving product of Extended Mittag-Leffler Function
and generalized Galue Type Struve Function

Here we present product of Extended Mittag-Leffler Function (EMLF) and generalized Galue
Type Struve Function (GTSF) in view of the MSM fractional integral representations and con-
sider some particular cases.

We recall the following lemmas [see (Saigo & Maeda, 1998) and (Kataria et al., 2015)]

Lemma 1. Let η, η′, σ, σ′, γ, ρ ∈ C such that ℜ(γ) > 0 and ℜ(ρ) > max{0,ℜ(η − η′ − σ −
γ),ℜ(η′ − σ′}. Then(

Iη,η
′,σ,σ′,γ

0,+ tρ−1
)
(x) =

Γ(ρ)Γ(ρ+ γ − η − η′ − σ)Γ(ρ+ σ′ − η′)

Γ(ρ+ σ′)Γ(ρ+ γ − η − η′)Γ(ρ+ γ − η′ − σ)
xρ−η−η′+γ−1. (15)

Lemma 2. Let η, η′, σ, σ′, γ, ρ ∈ C such that ℜ(γ) > 0 and ℜ(ρ) > max{ℜ(σ),ℜ(−η − η′ +
γ),ℜ(−η − σ′ + γ}. Then(

Iη,η
′,σ,σ′,γ

0,− t−ρ
)
(x) =

Γ(ρ− σ)Γ(η + η′ − γ + σ)Γ(η + σ′ − γ + ρ)

Γ(ρ)Γ(η − σ + ρ)Γ(η + η′ + σ′ − γ + ρ)
x−η−η′+γ−ρ. (16)

Theorem 1. Let η, η′, σ, σ′, q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{0,ℜ(η + η′ +
σ − γ),ℜ(η − σ′)} and p > 0, α > 0, ξ > 0; a and β is arbitrary and let x ∈ ℜ+. Then(

Iη,η
′,σ,σ′,γ

0,+ tρ−1Eλ,c
θ,ϑ(t, p)aW

α,β
q,r,s,ξ(t)

)
(x) =

(x)ρ+q−η−η′+γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×5Ψ5

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + γ − η − η′ − σ, 1), (ρ+ 2k + q + 1 + σ′ − η′, 1), (λ, 1);

((ϑ, θ), (ρ+ 2k + q + 1 + σ′, 1), (ρ+ 2k + q + 1 + γ − η − η′, 1), (ρ+ 2k + q + 1 + γ − η′ − σ, 1), (c, 1);
x; p

]
(17)
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Proof. Let the left-hand side of (17) be denoted by Ix. Applying (8) and (14) and using definition
(1) we get

Ix =
(
Iη,η

′,σ,σ′,γ
0,+ tρ−1Eλ,c

θ,ϑ(t, p) aWα,β
q,r,s,ξ(t)

)
(x)

=

Iη,η
′,σ,σ′,γ

0,+ tρ−1
∞∑
n=0

Bp(λ+ n, c− λ)

B(λ, c− λ)

(c)n
Γ(θn+ ϑ)

tn

n!

∞∑
k=0

(−s)k
(
t
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
 (x).

By changing the order of integration and summation, we get

Ix =
∞∑
n=0

∞∑
k=0

Bp(λ+n,c−λ)
B(λ,c−λ)

(c)n
Γ(θn+ϑ)n!

(−s)k( 1
2)

2k+q+1

Γ(αk+β)Γ
(
ak+ q

ξ
+ r+2

2

) (
Iη,η

′,σ,σ′,γ
0,+ t(ρ+2k+q+n+1)−1

)
(x)

Hence replacing ρ by ρ+ 2k + q + n+ 1 in Lemma 1, we get

Ix =

∞∑
n=0

∞∑
k=0

Bp(λ+ n, c− λ)

Γ(λ)Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
× Γ(ρ+2k+q+n+1)Γ(ρ+2k+q+n+1+γ−η−η′−σ)Γ(ρ+2k+q+n+1+σ′−η′)

Γ(ρ+2k+q+n+1+σ′)Γ(ρ+2k+q+n+1+γ−η−η′)Γ(ρ+2k+q+n+1+γ−η′−σ)

× xρ+2k+q+n−η−η′+γ

n!

=
xρ+q−η−η′+γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

) ∞∑
n=0

Bp(λ+ n, c− λ)

Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

× Γ(ρ+2k+q+n+1)Γ(ρ+2k+q+n+1+γ−η−η′−σ)Γ(ρ+2k+q+n+1+σ′−η′)
Γ(ρ+2k+q+n+1+σ′)Γ(ρ+2k+q+n+1+γ−η−η′)Γ(ρ+2k+q+n+1+γ−η′−σ)

xn

n!

whose last summation, in view of (9), is easily seen at the expression in (17). This completes
the proof of the theorem.

Corollary 1. Let η, σ, , q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{0,ℜ(σ − γ)} and
p > 0, α > 0, ξ > 0; a and β is arbitrary. Also, Let x ∈ ℜ+. Then(

Iη,σ,γ0,+ tρ−1Eλ,c
θ,ϑ(t, p)aW

α,β
q,r,s,ξ(t)

)
(x) =

(x)ρ+q−η+γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×4 Ψ4

[
(c, 1), (ρ+ 2k + q + 1 + γ − η − σ, 1), (ρ+ 2k + q + 1, 1), (λ, 1);

((ϑ, θ), (ρ+ 2k + q + 1 + γ − η, 1), (ρ+ 2k + q + 1 + γ − σ, 1), (c, 1);
x; p

]
.

Corollary 2. Let α = a = 1, β = 3
2 and ξ = 1. Then above Theorem 1 is reduced to

(
Iη,η

′,σ,σ′,γ
0,+ tρ−1 Eλ,c

θ,ϑ(t, p) Hq,r,s(t)
)
(x) =

(x)ρ+q−η−η′+γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ
(
k + 3

2

)
Γ
(
k + q + r+2

2

)
×5Ψ5

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + γ − η − η′ − σ, 1), (ρ+ 2k + q + 1 + σ′ − η′, 1), (λ, 1);

((ϑ, θ), (ρ+ σ′ + 2k + q + 1, 1), (ρ+ 2k + q + 1 + γ − η − η′, 1), (ρ+ 2k + q + 1 + γ − η′ − σ, 1), (c, 1);
x; p

]
.

Theorem 2. Let η, η′, σ, σ′, q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{ℜ(ρ),ℜ(−η −
η′ + γ),ℜ(−η − σ′ + γ)} and p > 0, α > 0, ξ > 0; a and β is arbitrary and let x ∈ ℜ+. Then(

Iη,η
′,σ,σ′,γ

0,− t−ρEλ,c
θ,ϑ(t, p)aW

α,β
q,r,s,ξ(t)

)
(x) =

(x)−η−η′+γ−ρ+q+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×5Ψ5

[
(c, 1), (ρ− σ − 2k − q − 1, 1), (ρ− 2k − q − 1− γ + η + η′, 1), (ρ− 2k − q − 1 + σ′ + η − γ, 1), (λ, 1);
((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1 + η − σ, 1), (ρ− 2k − q − 1 + σ′ + η + η′ − γ, 1), (c, 1);

x; p

]
. (18)
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Proof. Similarly to Theorem 1 let the left-hand side of (18) be denoted by Ix. Applying (8) and
(14) and using definition (1) we get

Ix =
(
Iη,η

′,σ,σ′,γ
0,− t−ρEλ,c

θ,ϑ(t, p)aW
α,β
q,r,s,ξ(t)

)
(x)

=

Iη,η
′,σ,σ′,γ

0,− t−ρ
∞∑
n=0

Bp(λ+ n, c− λ)

B(λ, c− λ)

(c)n
Γ(θn+ ϑ)

tn

n!

∞∑
k=0

(−s)k
(
t
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
 (x).

By changing the order of integration and summation, we get

Ix =
∞∑
n=0

∞∑
k=0

Bp(λ+ n, c− λ)

B(λ, c− λ)

(c)n
Γ(θn+ ϑ)n!

.
(−s)k( 1

2)
2k+q+1

Γ(αk+β)Γ
(
ak+ q

ξ
+ r+2

2

) (
Iη,η

′,σ,σ′,γ
0,− t−(ρ−2k−q−n−1)

)
(x).

Hence replacing ρ by ρ− 2k − q − n− 1 in Lemma 2, we get

Ix =
∞∑
n=0

∞∑
k=0

Bp(λ+ n, c− λ)

Γ(λ)Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×Γ(−σ+ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−γ+η+η′)Γ(η+ρ−2k−q−n−1+σ′−γ)

Γ(ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−σ+η)Γ(ρ+η+η′+σ′−γ−2k−q−n−1)

× x−ρ+2k+q+n+1−η−η′+γ

n!

=
x−ρ+q+1−η−η′+γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

) ∞∑
n=0

Bp(λ+ n, c− λ)

Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

×Γ(−σ+ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−γ+η+η′)Γ(η+ρ−2k−q−n−1+σ′−γ)
Γ(ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−σ+η)Γ(ρ+η+η′+σ′−γ−2k−q−n−1)

xn

n!

whose last summation, in view of (9), is easily seen at the expression in (18). This completes
the proof of the theorem.

Corollary 3. Let η, σ, , q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{0,ℜ(σ − γ)} and
p > 0, α > 0, ξ > 0; a and β is arbitrary. Also, let x ∈ ℜ+. Then(

Iη,σ,γ0,+ tρ−1Eλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)−ρ+q−η+γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×4Ψ4

[
(c, 1), (−σ + ρ− 2k − q − 1, 1), (η + ρ− 2k − q − 1− γ, 1), (λ, 1);

((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− σ + η, 1), (c, 1);
x; p

]
.

Corollary 4. Let α = a = 1, β = 3
2 and ξ = 1. Then above Theorem 2 is reduced

(
Iη,η

′,σ,σ′,γ
0,+ tρ−1 Eλ,c

θ,ϑ(t, p) Hq,r,s(t)
)
(x) =

(x)−ρ+q−η−η′+γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(k + 3
2)Γ

(
k + q + r+2

2

)
×5Ψ5

[
(c, 1), (−σ + ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− γ + η + η′, 1), (ρ− 2k − q − 1 + σ′ + η − γ, 1), (λ, 1);

((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1 + η − σ, 1), (ρ− 2k − q − 1 + σ′ + η + η′ − γ, 1), (c, 1);
x; p

]
.

3 Marichev-Saigo-Maeda (MSM) fractional differential repre-
sentation involving product of Extended Mittag-Leffler Func-
tion (EMLF) and generalized Galue Type Struve Function
(GTSF)

Here we present product of Extended Mittag-Leffler Function (EMLF) and generalized Galue
Type Struve Function (GTSF) in view of the MSM fractional differential representations and
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consider some particular cases
Here we recall the following lemma [see (Kilbas & Sebastian, 2008)]

Lemma 3. Let η, η′, σ, σ′, γ, ρ ∈ C such that ℜ(ρ) > max{0,ℜ(−η + σ′),ℜ(−η − η′ − σ + γ}.
Then (

Dη,η′,σ,σ′,γ
0,+ tρ−1

)
(x) =

Γ(ρ)Γ(ρ+ η − σ)Γ(η + η′ + σ′ − γ + ρ)

Γ(ρ− σ)Γ(ρ− γ + η + η′)Γ(ρ− γ + η + σ′)
xρ+η+η′−γ−1 (19)

Lemma 4. Let η, η′, σ, σ′, γ, ρ ∈ C such that ℜ(ρ) > max{ℜ(−σ′),ℜ(η′+σ−γ),ℜ(η+ η′−γ)+
[Re(γ)] + 1}. Then(

Dη,η′,σ,σ′,γ
0,− t−ρ

)
(x) =

Γ(ρ+ σ′)Γ(−η − η′ + γ + ρ)Γ(−η′ − σ + γ + ρ)

Γ(ρ)Γ(−η′ + σ′ + ρ)Γ(−η − η′ − σ + γ + ρ)
xη+η′−γ−ρ. (20)

Theorem 3. Let η, η′, σ, σ′, q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{0,ℜ(−η +
σ),ℜ(−η − η′ − σ′ + γ)} and α > 0, ξ > 0; a and β is arbitrary. Then

(
Dη,η′,σ,σ′,γ

0,+ tρ−1Eλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)ρ+q+η+η′−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×5Ψ5

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + γ + η − σ, 1), (ρ+ 2k + q + 1 + σ′ + η + η′ − γ, 1), (λ, 1);
((ϑ, θ), (ρ+ 2k + q + 1− σ, 1), (ρ+ 2k + q + 1− γ + η + η′, 1), (ρ+ 2k + q + 1− γ + η + σ′, 1), (c, 1);

x; p

]
(21)

Proof. Let the left-hand side of (21) be denoted by Dx. Applying (8) and (14) and using
definition (1) we get

Dx =
(
Dη,η′,σ,σ′,γ

0,+ tρ−1Eλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x)

=

Dη,η′,σ,σ′,γ
0,+ tρ−1

∞∑
n=0

Bp(λ+ n, c− λ)

B(λ, c− λ)

(c)n
Γ(θn+ ϑ)

tn

n!

∞∑
k=0

(−s)k
(
t
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
 (x)

By changing the differential and summation order, we get

Dx =

∞∑
n=0

∞∑
k=0

Bp(λ+n,c−λ)
B(λ,c−λ)

(c)n
Γ(θn+ϑ)n!

(−s)k( 1
2)

2k+q+1

Γ(αk+β)Γ
(
ak+ q

ξ
+ r+2

2

) (
Dη,η′,σ,σ′,γ

0,+ t(ρ+2k+q+n+1)−1
)
(x)

Hence replacing ρ by ρ+ 2k + q + n+ 1 in lemma 3, we get

Dx =

∞∑
n=0

∞∑
k=0

Bp(λ+ n, c− λ)

Γ(λ)Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
× Γ(ρ+2k+q+n+1)Γ(ρ+2k+q+n+1+η−σ)Γ(ρ+2k+q+n+1+η+η′+σ′−γ)

Γ(ρ+2k+q+n+1−σ)Γ(ρ+2k+q+n+1−γ+η+η′)Γ(ρ+2k+q+n+1+η+σ′−γ)

× xρ+2k+q+n+η+η′−γ

n!

=
xρ+q+η+η′−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

) ∞∑
n=0

Bp(λ+ n, c− λ)

Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

× Γ(ρ+2k+q+n+1)Γ(ρ+2k+q+n+1+η−σ)Γ(ρ+2k+q+n+1+σ′+η+η′−γ)
Γ(ρ+2k+q+n+1−σ)Γ(ρ+2k+q+n+1−γ+η+η′)Γ(ρ+2k+q+n+1−γ+η+σ′)

xn

n!

whose last summation, in view of (9), is easily seen at the expression in (21). This completes
the proof of the theorem.
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Corollary 5. Let η, σ, q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{0,ℜ(−η),ℜ(−η −
σ + γ)} and α > 0, ξ > 0; a and β is arbitrary. Then

(
Dη,σ,γ

0,+ tρ−1Eλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)ρ+q+η−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×4Ψ4

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + η − σ, 1), (λ, 1);

((ϑ, θ), (ρ+ 2k + q + 1− σ, 1), (ρ+ 2k + q + 1 + η − γ, 1), (c, 1);
x; p

]
.

Corollary 6. Let α = a = 1, β = 3
2 and ξ = 1. Then Theorem 3 is reduced to

(
Dη,η′,σ,σ′,γ

0,+ tρ−1 Eλ,c
θ,ϑ(t, p) Hq,r,s(t)

)
(x) =

(x)ρ+q+η+η′−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ
(
k + 3

2

)
Γ
(
k + q + r+2

2

)
×5Ψ5

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + γ + η − σ, 1), (ρ+ 2k + q + 1 + σ′ + η + η′ − γ, 1), (λ, 1);
((ϑ, θ), (ρ+ 2k + q + 1− σ, 1), (ρ+ 2k + q + 1− γ + η + η′, 1), (ρ+ 2k + q + 1− γ + η + σ′, 1), (c, 1);

x; p

]
Theorem 4. Let η, η′, σ, σ′, q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{0,ℜ(−σ′),ℜ(η′+
σ − γ),ℜ(η + η′ − γ) + [ℜ(γ + 1]} and α > 0, ξ > 0; a and β is arbitrary, then(
Dη,η′,σ,σ′,γ

0,− t−ρEλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)−ρ+q+η+η′−γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

) .
×5Ψ5

[
(c, 1), (ρ+ σ′ − 2k − q − 1, 1), (ρ− 2k − q − 1− η − η′ + γ, 1), (ρ− 2k − q − 1− η′ − σ + γ, 1), (λ, 1);
((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− η′ + σ′, 1), (ρ− 2k − q − 1 + γ − η − η′ − σ, 1), (c, 1);

x; p

]
(22)

Proof. Let the left-hand side of (22) be denoted by Dx. Applying (8) and (14) and using
definition (1) we get

Dx =
(
Dη,η′,σ,σ′,γ

0,− t−ρEλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x)

=

Dη,η′,σ,σ′,γ
0,− t−ρ

∞∑
n=0

Bp(λ+ n, c− λ)

B(λ, c− λ)

(c)n
Γ(θn+ ϑ)

tn

n!

∞∑
k=0

(−s)k
(
t
2

)2k+q+1

Γ(α k + β)Γ
(
ak + q

ξ +
r+2
2 )

 (x).

By changing the differential and summation order, we get

Dx =
∞∑
n=0

∞∑
k=0

Bp(λ+n,c−λ)
B(λ,c−λ)

(c)n
Γ(θn+ϑ)n!

(−s)k( 1
2)

2k+q+1

Γ(αk+β)Γ
(
ak+ q

ξ
+ r+2

2

) (
Dη,η′,σ,σ′,γ

0,− t−(ρ−2k−q−n−1)
)
(x).

Hence replacing ρ by ρ− 2k − q − n− 1 in lemma 4, we get

Dx =

∞∑
n=0

∑
k=0

Bp(λ+ n, c− λ)

Γ(λ)Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×Γ(ρ−2k−q−n−1+σ′)Γ(ρ−2k−q−n−1−η−η′+γ)Γ(ρ−2k−q−n−1−η′−σ+γ)

Γ(ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−η′+σ′)Γ(ρ−2k−q−n−1−η−η′−σ+γ)

× x−ρ+2k+q+n+1+η+η′−γ

n!

=
x−ρ+q+η+η′−γ+1

Γ(λ)

∞∑
k=0

(x2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

) ∞∑
n=0

Bp(λ+ n, c− λ)

Γ(λ)Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

×Γ(ρ−2k−q−n−1+σ′)Γ(ρ−2k−q−n−1−η−η′+γ)Γ(ρ−2k−q−n−1−η′−σ+γ)
Γ(ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−η′+σ′)Γ(ρ−2k−q−n−1−η−η′−σ+γ)

xn

n!

whose last summation, in view of (9), is easily seen at the expression in (22). This completes
the proof of the theorem.
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Corollary 7. Let η, σ, , q, r, s, c, ϑ, γ, ρ ∈ C with ℜ(γ) > 0 and ℜ(ρ) > max{0, ,ℜ(σ − γ),ℜ(η −
γ) + [ℜ(γ + 1]} and α > 0, ξ > 0; a and β is arbitrary. Then

(
Dη,σ,γ

0,− t−ρEλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)−ρ+q+η−γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×4Ψ4

[
(c, 1), (−η + γ + ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− σ + γ, 1), (λ, 1);

((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− η − σ + γ, 1), (c, 1);
x; p

]
.

Corollary 8. Let α = a = 1, β = 3
2 and ξ = 1. Then Theorem 4 turns to(

Dη,η′,σ,σ′,γ
0,− t−ρ Eλ,c

θ,ϑ(t, p) Hq,r,s(t)
)
(x) =

(x)−ρ+q+η+η′−γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ
(
k + 3

2

)
Γ
(
k + q + r+2

2

)
×5Ψ5

[
(c, 1), (ρ+ σ′ − 2k − q − 1, 1), (ρ− 2k − q − 1− η − η′ + γ, 1), (ρ− 2k − q − 1− η′ − σ + γ, 1), (λ, 1);
((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− η′ + σ′, 1), (ρ− 2k − q − 1 + γ − η − η′ − σ, 1), (c, 1);

x; p

]
.

4 Caputo-Type Marichev-Saigo-Maeda (MSM) fractional dif-
ferential representation involving product of EMLF and GTSF

Here we present product of Extended Mittag-Leffler Function (EMLF) and generalized Galue
Type Struve Function (GTSF) in view of Caputo-Type MSM fractional differential representa-
tions and consider some particular cases
We need the following lemma [see (Kataria et al., 2015; Araci et al., 2019)]

Lemma 5. Let η, η′, σ, σ′, γ, ρ ∈ C and m = [ℜ(γ)] + 1 with ℜ(ρ) − m > max{0,ℜ(−η +
σ),ℜ(−η − η′ − σ′ + γ)} and p > 0. Then(

CDη,η′,σ,σ′,γ
0,+ tρ−1

)
(x) =

Γ(ρ)Γ(ρ+ η − σ −m)Γ(η + η′ + σ − γ + ρ−m)

Γ(ρ− σ −m)Γ(ρ− γ + η + η′)Γ(ρ− γ + η + σ′ −m)
xρ+η+η′−γ−1.

(23)

Lemma 6. Let η, η′, σ, σ′, γ, ρ ∈ C and m = [ℜ(γ)] + 1 with ℜ(ρ) +m > max{ℜ(−σ′),ℜ(η′ +
σ − γ),ℜ(η + η′ − γ) + [ℜ(γ)] + 1}. Then(

CDη,η′,σ,σ′,γ
0,− t−ρ

)
(x) =

Γ(ρ+ σ′ +m)Γ(−η − η′ + γ + ρ)Γ(−η′ − σ + γ + ρ+m)

Γ(ρ)Γ(−η′ + σ′ + ρ+m)Γ(−η − η′ − σ + γ + ρ+m)
xη+η′−γ−ρ.

(24)

Theorem 5. Let η, η′, σ, σ′, γ, ρ ∈ C and m = [ℜ(γ)+1],ℜ(ρ)−m > max{0,ℜ(−η+σ′),ℜ(−η−
η′ − σ′ + γ} and p > 0;α > 0, ξ > 0; a ∈ N and β is an arbitrary. Also, let x ∈ ℜ+. Then(

CDη,η′,σ,σ′,γ
0,+ tρ−1Eλ,c

θ,ϑ(t, p) aWα,β
q,r,s,ξ(t)

)
(x) =

(x)ρ+q+η+η′−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×5Ψ5

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + η − σ −m, 1), (ρ+ 2k + q + 1 + σ′ + η + η′ − γ −m, 1), (λ, 1);

((ϑ, θ), (p+ 2k + q + 1− σ −m, 1), (ρ+ 2k + q + 1− γ + η + η′, 1), (ρ+ 2k + q + 1− γ + η + σ′ −m, 1), (c, 1);
x; p

]
. (25)

Proof. Let the left-hand side of (25) be denoted by CDx. Applying (8) and (14) and using the
definition (1) we get

CDx =
(
Dη,η′,σ,σ′,γ

0,+ tρ−1Eλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x)

=

Dη,η′,σ,σ′,γ
0,+ tρ−1

∞∑
n=0

Bp(λ+ n, c− λ)

B(λ, c− λ)

(c)n
Γ(θn+ ϑ)

tn

n!

∞∑
k=0

(−s)k
(
t
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
 (x).
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By changing the differential and summation order, we get

CDx =
∞∑
n=0

∞∑
k=0

Bp(λ+n,c−λ)
B(λ,c−λ)

(c)n
Γ(θn+ϑ)n!

(−s)k( 1
2)

2k+q+1

Γ(αk+β)Γ
(
ak+ q

ξ
+ r+2

2

) (
CDη,η′,σ,σ′,γ

0,+ t(ρ+2k+q+n+1)−1
)
(x).

Hence replacing ρ by ρ+ 2k + q + n+ 1 in lemma 5, we get

CDx =
∞∑
n=0

∞∑
k=0

Bp(λ+ n, c− λ)

Γ(λ)Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
× Γ(ρ+2k+q+n+1)Γ(ρ+2k+q+n+1+η−σ−m)Γ(ρ+2k+q+n+1+σ′+η+η′−γ−m)

Γ(ρ+2k+q+n+1−σ−m)Γ(ρ+2k+q+n+1−γ+η+η′)Γ(ρ+2k+q+n+1+η+σ′−γ−m)

× xρ+2k+q+n+η+η′−γ

n!

=
xρ+q+η+η′−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

) ∞∑
n=0

Bp(λ+ n, c− λ)

Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

× Γ(ρ+2k+q+n+1)Γ(ρ+2k+q+n+1+η−σ−m)Γ(ρ+2k+q+n+1+σ′+η+η′−γ−m)
Γ(ρ+2k+q+n+1−σ−m)Γ(ρ+2k+q+n+1−γ+η+η′)Γ(ρ+2k+q+n+1+η+σ′−γ−m)

xn

n!

whose last summation, in view of (9), is easily seen at the expression in (25). This completes
the proof of the theorem.

Corollary 9. Let η, σ, q, r, s, c, ϑ, γ, ρ ∈ C and m = [ℜ(γ)+1],ℜ(ρ)−m > max{0,ℜ(−η),ℜ(−η+
γ)} and p > 0; α > 0, ξ > 0; a and β is arbitrary. Also, let x ∈+. Then

(
CDη,σ,γ

0,+ tρ−1Eλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)ρ+q+η−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×4Ψ4

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + η − σ −m, 1), (λ, 1);

((ϑ, θ), (ρ+ 2k + q + 1− σ −m, 1), (ρ+ 2k + q + 1 + η − γ, 1), (c, 1);
x; p

]

Corollary 10. Let α = a = 1, β = 3
2 and ξ = 1. Then Theorem 5 is reduced

(
CDη,η′,σ,σ′,γ

0,+ tρ−1 Eλ,c
θ,ϑ(t, p) Hq,r,s(t)

)
(x) =

(x)ρ+q+η+η′−γ

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(k + 3
2)Γ

(
k + q + r+2

2

)
×5Ψ5

[
(c, 1), (ρ+ 2k + q + 1, 1), (ρ+ 2k + q + 1 + η − σ −m, 1), (ρ+ 2k + q + 1 + σ′ + η + η′ − γ −m, 1), (λ, 1);

((ϑ, θ), (p+ 2k + q + 1− σ −m, 1), (ρ+ 2k + q + 1− γ + η + η′, 1), (ρ+ 2k + q + 1− γ + η + σ′ −m, 1), (c, 1);
x; p

]
.

Theorem 6. Let η, η′, σ, σ′, q, r, s, c, ϑ, γ, ρ ∈ C and m = [ℜ(γ) + 1] with
ℜ(ρ) +m > max{ℜ(−σ′),ℜ(η′ + η′ − γ)} and p > 0,α > 0, ξ > 0; a and β is arbitrary. Then

(
CDη,η′,σ,σ′,γ

0,− t−ρEλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)−ρ+q+η+η′−γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×5Ψ5

[
(c, 1), (σ′ + ρ− 2k − q − 1 +m, 1), (ρ− 2k − q − 1− η − η′ + γ, 1), (−η′ − σ + γ + ρ− 2k − q − 1 +m, 1), (λ, 1);

((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− η′ + σ′ +m, 1), (ρ− 2k − q − 1 + γ − η − η′ − σ +m, 1), (c, 1);
x; p

]
. (26)

219



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.4, N.3, 2019

Proof. Let the left-hand side of (26) be denoted by CDx. Applying (8) and (14) and using the
definition (1) we get

CDx =
(
Dη,η′,σ,σ′,γ

0,− t−ρEλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x)

=

Dη,η′,σ,σ′,γ
0,− t−ρ

∞∑
n=0

Bp(λ+ n, c− λ)

B(λ, c− λ)

(c)n
Γ(θn+ ϑ)

tn

n!

∞∑
k=0

(−s)k
(
t
2

)2k+q+1

Γ(α k + β)Γ
(
ak + q

ξ +
r+2
2 )

 (x).

By changing the differential and summation order, we get

Dx =
∞∑
n=0

∞∑
k=0

Bp(λ+n,c−λ)
B(λ,c−λ)

(c)n
Γ(θn+ϑ)n!

(−s)k( 1
2)

2k+q+1

Γ(αk+β)Γ
(
ak+ q

ξ
+ r+2

2

) (
Dη,η′,σ,σ′,γ

0,− t−(ρ−2k−q−n−1)
)
(x).

Hence replacing ρ by ρ− 2k − q − n− 1 in lemma 6, we get

Dx =
∞∑
n=0

∞∑
k=0

Bp(λ+ n, c− λ)

Γ(λ)Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×Γ(ρ−2k−q−n−1+σ′+m)Γ(ρ−2k−q−n−1−η−η′+γ)Γ(ρ−2k−q−n−1−η′−σ+γ+m)

Γ(ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−η′+σ′+m)Γ(ρ−2k−q−n−1−η−η′−σ+γ+m)

× x−ρ+2k+q+n+1+η+η′−γ

n!

=
x−ρ+q+η+η′−γ+1

Γ(λ)

∞∑
k=0

(x2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

) ∞∑
n=0

Bp(λ+ n, c− λ)

Γ(c− λ)

Γ(c+ n)

Γ(θn+ ϑ)

×Γ(ρ−2k−q−n−1+σ′+m)Γ(ρ−2k−q−n−1−η−η′+γ)Γ(−2k−q−n−1−η′−σ+γ+m)
Γ(ρ−2k−q−n−1)Γ(ρ−2k−q−n−1−η′+σ′+m)Γ(ρ−2k−q−n−1−η−η′−σ+γ+m)

xn

n! .

whose last summation, in view of (9), is easily seen at the expression in (26). This completes
the proof of the theorem.

Corollary 11. Let η, σ, , q, r, s, c, ϑ, γ, ρ ∈ C and m = [ℜ(γ) + 1] with ℜ(γ) + m > 0 and
ℜ(ρ) > max{0,ℜ(η−γ)+m} and p> 0;α > 0, ξ > 0; a and β is arbitrary. Also, let x∈ ℜ+.Then

(
CDη,σ,γ

0,− t−ρEλ,c
θ,ϑ(t, p) aWα,β

q,r,s,ξ(t)
)
(x) =

(x)−ρ+q+η−γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(αk + β)Γ
(
ak + q

ξ +
r+2
2

)
×4Ψ4

[
(c, 1), (−η + γ + ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− σ + γ +m, 1), (λ, 1);

((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− η − σ + γ +m, 1), (c, 1);
x; p

]
Corollary 12. Let α = a = 1, β = 3

2 and ξ = 1. Then Theorem 6 is reduced

(
CDη,η′,σ,σ′,γ

0,− t−ρ Eλ,c
θ,ϑ(t, p) Hq,r,s(t)

)
(x) =

(x)−ρ+q+η+η′−γ+1

Γ(λ)

∞∑
k=0

(x)2k(−s)k
(
1
2

)2k+q+1

Γ(k + 3
2)Γ

(
k + q + r+2

2

)
×5Ψ5

[
(c, 1), (σ′ + ρ− 2k − q − 1 +m, 1), (ρ− 2k − q − 1− η − η′ + γ, 1), (−η′ − σ + γρ− 2k − q − 1 +m, 1), (λ, 1);
((ϑ, θ), (ρ− 2k − q − 1, 1), (ρ− 2k − q − 1− η′ + σ′ +m, 1), (ρ− 2k − q − 1 + γ − η − η′ − σ +m, 1), (c, 1);

x; p

]
.

5 Conclusion

In the paper we established generalized fractional formulas to derive numerous results. The frac-
tional integral and differential formulas (of Marichev–Saigo–Maeda type) involving the product
of extended Mittag-Leffler function and generalized Galue Type Struve Function developed in
this paper will be very useful and are general in character and likely to find some applications.
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Wiman, A. (1905). Über den Fundamentalsatz in der Theorie der Funktionen Eα(x). Acta Math.
29, 191-201.

223


