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1 Introduction

Fractional calculus is a very fast developing subject of mathematics which deals with the study of
fractional order derivatives and integrals. Many applications of fractional calculus can be found
in image processing, nonlinear biological systems, fluid dynamics, stochastic dynamical systems,
nonlinear control theory, plasma physics and controlled thermonuclear fusion and in quantum
mechanics. Fractional calculus is a proficient tool to study many complex real problems (Hilfer,
2000). The fractional integral operator has many interesting applications in various subfields in
applicable mathematical analysis. The results given in (Miller & Ross, 1993; Kiryakova, 1997;
Srivastava et al., 2006) can be referred to for some basic results on fractional calculus. During
the past four decades, a number of researches have studied the properties, applications, and dif-
ferent extensions of various operators of fractional calculus (Marichev, 1974; Oldham & Spanier,
1974; Kiryakova, 1993, 2006; Kilbas et al., 2006). A useful generalized of hypergeometric frac-
tional integrals, including the Saigo operators (Saigo, 1978, 1979, 1980) has been introduced by
(Marichev, 1974) and later extended and studied by Saigo and Maeda [(Saigo & Maeda, 1998),
p-393, eqn. (4.12) and (4.13)] in terms of any complex order with Appell’s function F3(.) in the
kernel as follows:

Let n,7',0,0",0 € C and x© > o; then the generalized fractional calculus operators (MSM
operators) involving the Appel Function are defined by the following equations

! ol x~ N x 1 t xX
(I&’_’Z’ : "’f) (:s)zw)/0 (@ — 1) T Fy (n,n’,a,a’;gsl—x,l—t> f®dt (1)
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and

_77/ 00
i ) /O (t - x)g_lt_nF?) (77,77/707 U/; 0; 1- ;) 11— ) f(t)dt (2)

(BI7 ) @) =

with R(g) > 0.

The generalized fractional integral operators of (1) and (2) are introduced by (Marichev,
1974) and later was studied and extended by Saigo and Maeda (Saigo & Maeda, 1998) and this
fractional integral operator is known as Marichev-Saigo-Maeda Operators (MSM operator).

In (1) and (2), F3 denotes the 3rd Appell function (also known as Horn Function) (Srivastava
& Karlson, 1985)
o0

Z(n)mm )n(0)m(0")n 2"

Y maxy|x|, [y[y < 1.

pFo(mn' o0 viay) =

In recent times, many researchers have studied the image formulas for Marichev-Saigo-Maeda
(MSM) fractional integral operators relating different special functions.
The resultant fractional differential operators have their particular forms:

,0,07 d RO —n',—n,—o’+[R —o,—y+[R
(D7) ) = <dx> (1o AR RO () 3)
d
" ' d\ PO o o RO R
(7o) @ = (~gp) (OO

The Mittag LefHler function was introduced in (Mittag-Leffler, 1903) as

o0
l,n

Ey(z) = nZ::o Ton+ 1) (z € C;R(p) > 0) (5)

(Wiman, 1905) defined as following the generalized form of Mittag Leffler function and applied
to various fields (Dorrego et al., 2012; Gorenflo et al., 1998; Rahman et al., 2017)

o0

Z pnﬂ (z,0 € C;R(p) > 0). (6)

(Prabhakar, 1971) defined the generalized M-L function as

[e.e]

Bpule) = 3 i S5 (@0 € CR(p) > 0), g

n=0

where (7),, denotes the Pochhammer symbol defined (v € C), in the terms of the familiar gamma
function I' [(Srivastava & Choi, 2012), p.2 and p.5] by

) :I‘(fy—l—n):{l (n=0;vC {0}
TmTTT0) yv+1)-(y+n—-1) (neN;yeC’

(Ozarslan & Yilmaz, 2014) investigated and introduced the extended Mittag-Leffler function as
following

2 ByA+n,u—N) (), "
Nt (g o) — p >0
E57(tp) nE:O =) T, +v)nl (t,v € C;p =2 0;R(v) > R(A) > 0,R(5) > 0),
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where By(m,n) is the extended beta function (Chaudhry et al., 1997) defined by
1
Bym,m) = [ Um0 — e du (min{R(p), R(m), Riw)) > 0)

By(m,n) = B(m,n) is the familiar beta function given by (see, section 1.1 (Srivastava & Choi,
2012))

1
/uml(l —w)" tdu  (min{9R(m),R(n)} > 0),

0
Fr(glrzigln)) (m,neC/Zy).

B(m,n) =

The generalized hypergeometric series ,F, is defined by (see, section 1.5 (Srivastava & Choi,
2012))

qu |:Bly~~-7ﬂq;$:| N z;) (Bl)n(ﬁq)n n!
=p Fy(ou,...,0p; B1,...,0q; 7).

(Sharma & Devi, 2015) introduced and studied the extended Wright generalized hypergeometric
function as

., [@ A (01 U(a; + kAi) By(y + k,c — 7)a* (©)
ml Entl (b],B)ln, (e, 1); 7P (c =) &= T(b; + kB;) k!

R(p) > 0,R(c) > R(y) > 0;m,n € Ny;a;,b; € C,A;, B e RT:i=1,...,m;j=1,...,n) with
j J

n n
ZBj — ZAJ > —1.
j=1 i=1

(Galue, 2003) introduced a generalization of the Bessel function of order h given by

5JIn(€

[o8) k § 2k+h
’;OHHHM‘ <> EeRbeN={1,2..} (10)

(Baricz, 2010) investigated Galue-type generalization of modified Bessel function as

00 1 £ 28+
5Jh(§):ZF(6k+h+1)k:! <2> £eR:deN. (11)
k=0

The Struve function of order h is given by

0o 1 é- 2k+h
) = <) EeR, 0N (12)
kZOF(k+§)F(k+h+g) 2
is a particular solution of the non-homogeneous Bessel differential equation
h+1
4(5)
VAl (h+1)’

where I' is the classical gamma function whose Euler’s integral is given by Srivastava and Choi
(Samko et al., 1993)

y"(€) + €y () + (€2~ h*) y(§) =
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L) = [;Te t571dt ;R(E) > 0.

The generalizations of Struve function are found in (Bhownick, 1962, 1963; Kanth, 1981; Nisar et al.,
2016; Singh, 1974, 1985, 1988, 1989).
Another generalization of Struve function given by (Orhan & Yagmur, 2013, 2014) is

0 (*C)k ¢ 2k+h+1
Hh’b’C(é):kZOF(k—l-g)F(k—kh%—g+1) <2> ih,b,ceC. (13)

The generalized Galue Type Struve function (GTSF) was recently defined by (Nisar et al., 2016)
as

3 —o)* 2k+p+1
aW;},ﬂcg(Z):Z ( C) (E) p ;a € N;p,b,ceC, (14)
MO STk + )T (ak + B 252) N2

where o > 0, £ > 0 and S is arbitrary parameter.
3

When a =a =1, 8= 3 and { = 1 in above equation, it turns to the generalization of Struve

function defined by (Orhan & Yagmur, 2013, 2014)

= (—c)k 2\ 2ktpt1
Hppe(2) = ~ |5 ip, b, c e C.
pel(2) kz_:_()r(k+§)r(k+p+l”g) <2)

Details related to the function M (%) and its particular cases can be seen in (Baricz, 2010;
Mondal & Swaminathan, 2012; Mondal & Nisar, 2014; Nisar et al., 2016).

2 Marichev-Saigo-Maeda fractional integral representation
involving product of Extended Mittag-Lefller Function
and generalized Galue Type Struve Function

Here we present product of Extended Mittag-Leffler Function (EMLF) and generalized Galue
Type Struve Function (GTSF) in view of the MSM fractional integral representations and con-
sider some particular cases.

We recall the following lemmas [see (Saigo & Maeda, 1998) and (Kataria et al., 2015)]

Lemma 1. Let n,n',0,0',v,p € C such that R(vy) > 0 and R(p) > maz{0,R(n —n' — o —
), R(n' — o'} Then

_m_n _ I ,

(167’1 o0 ,wtp_1> (z) = F(p)F/(p +v-n-n /U)F(p +0o /77 ) o1 (15)
’ Llp+o)l(p+y=—n—n)L(p+y—1n—-0)

Lemma 2. Let n,7',0,0',v,p € C such that R(y) > 0 and R(p) > mazx{R(o),R(—n — ' +

7), R(=n — o' +~}. Then

o T'(p— o)l - r ' ,
(Igvj 0,0 ,’Yt—p) (1,) — (p U) (77 + n g + U) ,<77 +/U Y + p) o] +’y—p' (16)
’ L(p)L'(n—o+p)L(n+n +0" —v+p)
Theorem 1. Let n,1,0,0',q,r,8,¢,9,7,p € C with R(y) > 0 and R(p) > maz{0,R(n +n' +
o—7),R(n—0")} andp>0,a >0, > 0;a and B is arbitrary and let v € R*. Then

(z)rra—n=-n'+r & ()2 (—s)k (%)2’”‘1“

I'(A) k=0 ['(ak + p)T (ak + % + %)

b /70)0/7 - >\7 b
(117 By ()W () () =

(1), (p+2k+q+1,1),(p+2k+q+1+y—n—0—0,1),(p+2k+q+1+0 —7,1),(A\1); ,p} (17)

x50 p
° 5{((79,9),(p+2k+q+1+o—’,1),(p+2k+q+1+v—n—n’-,l),(p+2k+q+1+w—n’—o, ), (e, 1);"
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Proof. Let the left-hand side of (17) be denoted by I,. Applying (8) and (14) and using definition
(1) we get

L = (10777 M By 0 0) Wil (1)) ()

q,1,8,§
n X 2k+q+1
— I’777 00" 7 yp— 12 (A + 1, c—/\) (O " (—s)k (L)% -
B(\c=A) T(0n+9) nl &< [0k + o0 (ak: +24 %2)

By changing the order of integration and summation, we get

2k+q+1
I _ZZ By(Mfn,c=A) _ (0)n (=9)"(5)" " j (IM 00" Y y(p+2k+q-+n+1)— > ()

B(Ac—A) T'(On+9)n! q_ 42 0,+
=0 o F(ak+ﬂ)r(ak+§+ 5

Hence replacing p by p + 2k + ¢+ n + 1 in Lemma 1, we get

ZZ )\+n c—A) I'(c+n)
U'(p+2k+qg+n+ )T (p+2k+q+n+1+v—n—n'—o)['(p+2k+g+n+1+0’—n’')
I'(p+2k+qg+n+1+0")T(p+2k+g+n+14+~y—n—n" )T (p+2k+q+n+1+v—n'—0)

pPt2ktatn—n—n'+y

(—s)k (%)2k+q+1

X

X
n!

_xp+q—n—n’+7 © (z)%k(—s)F (%)2]€+qu1 i B,(A+n,c—X) T'(c+n)

PN = r(ak+8)T (ak +2+ %2) = Tl=A  In+0)
I'(p+2k+g+n+ )T (p+2k+q+n+1+y—n—n'—0)T(p+2k+q+n+1+0’'—n') "
I'(p+2k+q+n+1+0)T(p+2k+q+n+14+y—n—n")I'(p+2k+g+n+1+~v—n'—0) n!

whose last summation, in view of (9), is easily seen at the expression in (17). This completes
the proof of the theorem. O

X

Corollary 1. Let n,0,,q,7,8,¢,9,7,p € C with R(y) > 0 and R(p) > max{0,R(c — )} and
p=>0,a >0, >0;a and B is arbitrary. Also, Let v € RT. Then

(z)Pra—ntr & (z)%F(—s)F (%)%Jrq+1

I'(A) i—o I'(ak + )T (ak + % + %)

[hg} - >\7 5
(Ig,i TP 1E075(t,p)aW:fS’§(t)) (7) =

OB (Cal)a(p+2k+q+1+7_77_071>7(p+2k+q+171)7()‘71)7 T
E@0), (o 2k + g+ 1+ =0 1), (p+ 2k g+ 14y — o 1), (e, 1]
Corollary 2. Leta=a=1,8= % and £ = 1. Then above Theorem 1 is reduced to
(x)p+q—n—n’+7 s (x)Zk(_s)k (%)2k+q+1
TN &0 (k+3)T (k+q+42)

7l7 k) /7 71 A?
(172707 Bt p) Haro®)) () =
T (1), (p+2k+q+1,1),(p+2k+q+1+y—n—1 =0 D, (p+2k+qg+1+0 —17 DAL
ST ((0,0), (p+ o' +2k+ g+ L), (p+2k+q+ 1 by —n—n, 1), (p+2%k+q+1+y -7 —a,1),(c, 1)

Theorem 2. Let n,n,0,0',q,1,8,¢,9,7,p € C with R(y) > 0 and R(p) > maz{R(p), R(—n —
n+7),R(—n—0" +7)} and p > 0,a > 0,€ > 0;a and B is arbitrary and let x € R*. Then

(z) ' tr—ptatl 2 ()% (—s) (L )2k+q+1

5)"
F()\) fe= OF ak+ﬂf(ak+ +T+2>

(B7 o P Bt p)a Ve, () (@) =

q?r’87§

(c1

), (p—0—2k—q—-1,1),(p—2k—qg—1—v+n+n,1),(p—2k—q—1+0" +n—7,1),(\1);
X‘I’{((gp g—1,1),(p q v+, (p q 1=7 1), ( )x'p}.(].8)

(
0),(p—2k—q—11),(p—2k—q—1+n—-0,1),(p—2k—qg—1+0"+n+n —,1),(c,1);
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Proof. Similarly to Theorem 1 let the left-hand side of (18) be denoted by I,. Applying (8) and
(14) and using definition (1) we get

L = (1777 P EY St p)a Wil () (2)

q,7,8,§
n 00 2k+q+1
_ I7777 o0 ’7t p Z )\ +n,c— )\) (C)n L (_S)k (%) ! (.’L‘)
)\ c— A F(9n+19) n! o F(akJrﬁ)F (ak+%+i22)

By changing the order of integration and summation, we get

(A +n,c— A) C)n (—s)k(L)FFatt ! 0.0 Y (2 —g—mr—
I 722 (¢) (3) (Inmﬂ Y y—(p—2k—q 1)) ().

i B(Ac—A) T(0n+9)n! rekts)r(akt¢+o42)

Hence replacing p by p — 2k — ¢ —n — 1 in Lemma 2, we get
)\—i-n c—A) I'(c+n)

I, =
r;)kzo —A) TOn+9)rak + g)r (ak+%+%)

I'(—o+4p—2k—q—n—1)T'(p—2k—q—n—1—y+n+n T (n+p—2k—q—n—1+0’—7)
I'(p—2k—q—n—1)I'(p—2k—q—n—1—o+n)I'(p+n+n"+0’ —y—2k—q—n—1)
p—PH2k+gtntl—n—n'+y

(—S)k (%)2k+q+l

X

X
n!

/ o0 k 00
:x—p+q+1—n—n +v (z)%k(—s)F (%)2 Fatl Z By(A+n,c—A) T'(c+n)
I'() k=0 I'(ak + )T <ak + % + %) =0 I'(c—A) L'(6n + )
['(—o+p—2k—qg—n—D)I'(p—2k—q—n—1—y+n+n" )T (n+p—2k—qg—n—1+0"—v) z»
I'(p—2k—q—n—1)I'(p—2k—q—n—1—0c+n)T'(p+n+n"+0’'—y—2k—q—n—1) n!
whose last summation, in view of (9), is easily seen at the expression in (18). This completes
the proof of the theorem. O

X

Corollary 3. Let n,0,,q,1,8,¢,9,7,p € C with R(y) > 0 and R(p) > max{0,R(c — )} and
p=0,a >0, >0:a and B is arbitrary. Also, let x € RT. Then

(z)~Pra—ntatl o0 (2)2k(—s)* (%)2k+fﬂr1
INOY! r—o L'(ak + p)T (ak: + g + ’”5—2)

(071)7(_U+P—2k—q—1a1)a(77+/7—2k7—q—1—%1)7(/\71)733
((ﬂae)’(p_2k_q_131)7(p_2k_q_1_U+7]31)>(Ca1); Pl

Corollary 4. Leta=a=1,8= % and € = 1. Then above Theorem 2 is reduced

" - >\7 b
(127 B (1 p) W e®)) (2) =

><4\I/4 [

(z)=Pra—n—n"trtl 20 ()% (—s)F (%)Qk—i-tﬁ-l
r) o Dk + I (k+aq+52)

) (—otp=2k—q-L1,(p=2k—g-1=y+n+7,1),(p=2k—qg-1+0" +n—71),\1) _
(0,0),(p—2k—q—1,1),(p—2k —g—14+n—0,1),(p—2k—q—1+0 +n+7 —1),(c.1); ~F

(1777 B (1,0) M) ) (2) =

%55 {(

3 Marichev-Saigo-Maeda (MSM) fractional differential repre-
sentation involving product of Extended Mittag-Leffler Func-
tion (EMLF) and generalized Galue Type Struve Function
(GTSF)

Here we present product of Extended Mittag-Leffler Function (EMLF) and generalized Galue
Type Struve Function (GTSF) in view of the MSM fractional differential representations and
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consider some particular cases
Here we recall the following lemma [see (Kilbas & Sebastian, 2008)]

Lemma 3. Let n,n,0,0',7,p € C such that R(p) > maz{0,R(—n + '), R(—n—n" — o +~}.
Then

(3o 47 () = Do+ n =T+ 0 + 0" =9%p)  prgsr—-1 (19
’+ L(p—a)l(p—y+n+n)(p—~+n+d)

Lemma 4. Let n,1,0,0’,7,p € C such that R(p) > maz{R(—c"),R(n'+0—7),R(n+n' —~)+
[Re(y)] + 1}. Then

(Dg,nf,g,a',wt_p) () = Lot =0 + 7+ IO =0+ Y+ 0) ay—r-p (g9
. L(p)L(—n"+o" +p)l(-n—n —0+7+p)

Theorem 3. Let 0,1 ,0,0',q,7,8,¢,9,7,p € C with R(y) > 0 and R(p) > maz{0,R(—n +
o), R(—n—n"—c"+7)} and a > 0,€ > 0;a and 8 is arbitrary. Then

(w)rratmn =y & (z)2k(—s)k (1)PF

I'(A) r—o L'(ak + B)T (ak + % + %)

(DB B (4 p) VL (1) (1) =

q7r757§

wope | @D (p+2k+q+1L1),(p+2k+q+1+7+n—0,1),(p+2k+q+1+0 +n+n —71),(\1); (21)
SE((9,0), (p+2k+q+1—0,1),(p+2k+q+1—v+n+0,1),(p+2k+q+1—v+n+0,1),(c,1);"7

Proof. Let the left-hand side of (21) be denoted by D,. Applying (8) and (14) and using
definition (1) we get

D, = (DT BNt p) VL (1)) ()

q7r7s7€
n X 2k+q+1
— Dnn 00" 7 yp— 12 p(A+n,c— )\) ()n 1" (—s)k (L) .
BAc—X) T(Un+9) n! k=0 I'(ak + )T (ak+%+%>

By changing the differential and summation order, we get

k 2k+q+1 , ,
ZZ By( /\+nc >\ (¢)n ' (=9)*(3) <Dg,n 0,0 7’Yt(p+2k:+q+n+l)—1> ()
33 - r ,

Hence replacing p by p + 2k + ¢ +n + 1 in lemma 3, we get

ZZ )\—I-nc—)\) I'(c+n)
n=0 k=0 ) F(9n+ﬁ)r(ak‘+ﬁ)lﬂ(ak+%+%)

I'(p+2k+q+n+1)T(p+2k+q+n+14n—0)'(p+2k+g+n+1+n+n'+0'—7)
I'(p+2k+g+n+1—0)T'(p+2k+g+n+1—vy+n+n")I'(p+2k+qg+n+1+n+o’—)
pPH2ktatntntn’—y

(—S>k (%)Qk-‘rq-i-l

X

X

n!
_xﬂ—&-q-l—n-i-n/_y o0 ()2 (—s)k (%)2k+q+1 i By(A+n,c—A) I'(c+n)
') r—o I'(ak + B)T (ak: + g + 74'5—2) n=0 Lle=A) I'(6n + 9)

I'(p+2k+q+n+1)T(p+2k+q+n+14n—0)I'(p+2k+g+n+14+0'4+n4+n"—v)
I'(p+2k+g+n+1—0)'(p+2k+q+n+1—y+n+n" )L (p+2k+g+n+1—y+n+o’)

X

m_
n!

whose last summation, in view of (9), is easily seen at the expression in (21). This completes
the proof of the theorem. O
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Corollary 5. Let n,0,q,1,5,¢,9,7,p € C with R(y) > 0 and R(p) > maz{0,R(—n), R(—n —
o+7)} and o > 0, > 0;a and B is arbitrary. Then

()Pt & (2) 2 (—s)k (1)

oy, | @D (p+2k+q+1.1),(p+2k+q+1+1-0,1), () 1) .
U 0,0), (p+ 2k +q+1—0,1),(p+2k+q+14+1—71),(c,1); 7P|

Corollary 6. Leta=a=1,8= % and € = 1. Then Theorem 3 is reduced to

(PE7 ¥ B (tm) Wlc®)) () =

q7r7s7§

(x)p+q+n+n’—7 > (z)%(—s)F (%)2k+q+1
PO Tk g) T (k4 g+ 557)

(1), (p+2k+q+1,1),(p+2k+q+1+~v+n—0,1),(p+2k+qg+ 1+ +n+n —7,1),(\1); .
((0,0), (p+2k+q+1—0,1),(p+2k+q+1—v+n+1,1),(p+2k+q+1—v+n+0,1),(c,1);"F

(DEL L E§(tp) M) () =

x5Ws {

Theorem 4. Letn,n',0,0',q,r,s,¢,9,7,p € CwithR(y) > 0 and R(p) > maz{0, R(—ac"), R(n'+
o—7),RMn+n —7)+[R(y+1]} and a > 0, > 0;a and B is arbitrary, then

(z) Pt =+l 2 (g)2k(—g)k (1)2Fa

(D47 TP B 0,5) WL (1)) (@) =
7 ’ @ I'(A) o L(ak + ﬁ )T (ak + + T+2)

[(c 1),

), (p+o =2k—q-11),(p=2k—q-1-n—n0"+71),(p=2k—qg—-1-0'—a+7,1)
((9,9)

S 1)
(p=2k—q-11),(p=2k—q-1-7"+0" 1), (p-2k—qg—1+v-—n—n"—0,1),(c mp| (22)

) )

Proof. Let the left-hand side of (22) be denoted by D,. Applying (8) and (14) and using
definition (1) we get

50— (B3 0535 7 0) 0

q77‘7s7£
n 00 2k+q+1
_ D’W 0"y pz )\+n c—)\) ()n 1 (—s)k (%) ! ().

By changing the differential and summation order, we get

)

n=0 k=0

_ Z Z Bp( )\—i-n c— )\) (©)n (78)k(%)2k+q+1 (Dﬂmlﬂﬂla’Yt—(p—Zk—q—n—l)) (IL‘)

Hence replacing p by p — 2k — ¢ — n — 1 in lemma 4, we get

D, 722 )\—i—n c—A) I'(c+n) (—5)"3 (%)2k+q+1
n=0k=0 ~N L0+ r(ak + AT (ak+ ¢ +732)
I'(p—2k—q—n—14+0"'(p—2k—q—n—1—n—n'+y)T'(p—2k—q—n—1—n'—0+~)

[(p—2k—q—n—1)I'(p—2k—q—n—1—n'+0")[(p—2k—q—n—1—n—n'—c+7)
o PH2ktatntl4n+n —y

X

X

n!
r_ 00 2k k (1)\2k+q+1
pta+n+n'—v+1 (2%%(—s) ( 2)

Ca x=(— 5 in()\+n,c—)\) I(c+n)
T\ = T(ak + )T (ak: ++ %z> T(MNL(c—)\) L(0n+9)
[(p—2k—q—n—1+0")T'(p—2k—g—n—1-—n—n'+y)'(p—2k—q—n—1-1'—0+~) 2™
I'(p—2k—q—n—1)T'(p—2k—q—n—1—n'+0")I'(p—2k—q—n—1—n—n'—0c+~) n!
whose last summation, in view of (9), is easily seen at the expression in (22). This completes
the proof of the theorem. O

X
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Corollary 7. Let n,0,,q,7,8,¢,9,7,p € C with R(y) > 0 and R(p) > max{0,,R(c — ), R(n —
v) + [R(y+ 1]} and a > 0, > 0;a and S is arbitrary. Then

(z)—Pratn—+l 2 (z)2k(—s)k (%)QH‘ZH
PO Sk + B)T (ak + ¢+ 752)

), (—n+y+p—2k—q—1,1),(p —2k—q—1—0+%1),(A,1);x_p]
((ﬁ,@),(p 2k_q_1>1)7(p Qk_q_l_n_o-+771)7(cu]-)v ’ '

Corollary 8. Leta=a=1,8= % and & = 1. Then Theorem 4 turns to

q7r7s7€

(DB E5(1,0) V() () =

A [(

—pratntn =+l 2 (g)2k(_g)k (%)QHQH
I'(A) =T (k+3)T (k+q+ 3)

D, (pt+o' —2k—q—1,1),(p—2k—q—1-—n—n"+71),(p *Qk*Q*1*77*0+771) (A 1);
@.0),(p—2k—q—1.1),(p—2k—qg—1—0'+0" 1), (p— 2k —qg—1+y—n—7 —o,1),(c.1); "

(PR 7470 B 0.0) Halt)) () =
x5WUs {(C(

4 Caputo-Type Marichev-Saigo-Maeda (MSM) fractional dif-
ferential representation involving product of EMLF and GTSF

Here we present product of Extended Mittag-Leffler Function (EMLF) and generalized Galue
Type Struve Function (GTSF) in view of Caputo-Type MSM fractional differential representa-
tions and consider some particular cases

We need the following lemma [see (Kataria et al., 2015; Araci et al., 2019)]

Lemma 5. Let n,7,0,0',v,p € C and m = [R(y)] + 1 with R(p) — m > mazx{0,R(—
o), R(—n—n'—o" +7)} and p > 0. Then

Cyn 00" v p—1 _ TI@rlptn—o—m)Im+n+o—y+p—m) o
Dy t (z) = ; ; x .
’ Plp—o—m)I'(p—v+n+7)L(p—vy+n+0o —m)
(23)
Lemma 6. Let n,1,0,0",v,p € C and m = [R(y)] + 1 with R(p) + m > max{R(—0c"), R(n +
o—7),Rn+1" =)+ RO+ 1} Then

Flpt+o'+m)I(=n—n'+v+pl'(=n—c+v+p+m)
F(p)l'(—' +o’'+p+m)I'(—n—n' —c+~v+p+m)

(Cpgﬁ’,o—,o’,vt—p> (z) = 2T =P
(24)

Theorem 5. Letn,n',0,0',v,p € C and m = [R(v)+1], R(p) —m > max{0,R(—n+0'), R(—n—
n—o +~} andp>0;a >0, >0;a € N and B is an arbitrary. Also, let v € RT. Then

(g)rratmn’ =y & (z)2k(—s)k (1)

L'(A) i—o L'(ak + B)T (ak + % + %)

(CDp o B () VL) (1) =

q7r7s7£

o (e, D), (p+2k+q+1,1),(p+2k+q+1+n—0c—-—m,1),(p+2k+q+1+0 +n+n —v—m,1),(\1); (25)
T (,0),(p+2k+q+1—0-—m, 1), (p+2k+qg+1—v+n+7,1),(p+2k+qg+1—y+n+0 —m,1),(c 1)

Proof. Let the left-hand side of (25) be denoted by “D,. Applying (8) and (14) and using the
definition (1) we get

D, = (DR B ) W) (@

4758
n OO 2k+q+1
_ D””“"”tp 12 pA+nc—=A) (o " (—s)k (£)™ T @)
BAe=A) T(n+70) n! = ok + )T (ak‘ +3+ %)
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By changing the differential and summation order, we get

2k+q+1 .,

CD _ Bp )\+TL c— )\ (C)n ( S) ( ) CDWJI ,0,0 Y (p+2k+q+n+1)—1

= B(\c—\)  T(0n+o)nl 2 0,+ ¢ ().
e On+0)n! 1kt BT (akt 9+ 1% ) )

n=0 k=0 ¢ 2

Hence replacing p by p + 2k + ¢ +n + 1 in lemma 5, we get
k

) I ()"

—A) F(Qn'H?)F(ak—i—ﬁ)F (ak—i—%—l—%)

n=0 k=0

% I'(p+2k+q+n+ 1) (p+2k+q+n+14+n—c—m)I'(p+2k+g+n+1+0'+n+n' —y—m)
I'(p+2k+g+n+1—oc—m)'(p+2k+q+n+1—y+n+n")T(p+2k+q+n+1+n+o0’—y—m)
2P t2k+atntntn’ —y

X

n!
_ajp+q+n+n’*“/ s (z)%k (—s)* (%)QIH_CH_1 i By(A+n,c—A) T'(c+n)

F(A) k=0 F(ak + ﬁ)I‘ (ak + % + %) n=0 F(C - )‘) F(en + 19)

% L(p+2k+g+n+1)I(p+2k+g+n+1+n—c—m)I'(p+2k+g+n+14+0'+n+n9'—y—m) zn
I'(p+2k+g+n+1—c—m)T (p+2k+g+n+1—v+n+n" ) T(p+2k+q+n+14+n+o’—y—m) n!

whose last summation, in view of (9), is easily seen at the expression in (25). This completes
the proof of the theorem. O

Corollary 9. Letn,o,q,r,s,¢,9,7,p € C andm = [R(v)+1],R(p)—m > maz{0, R(—n), R(—n+
Y} andp > 0; a > 0,& > 0;a and B is arbitrary. Also, let x €. Then

(2)Pratn— & (x) 2 (—s)k (1)

L'(A) k=0 I'(ak + )T (ak + 24 ﬂ)

q7T7S7§

(CDET7 R (p) Wi ®)) (@) =

o (c,l),(p+2k+q+1,1),(p—|—2k‘+q+1—|—77—a—m,1) A1)
E9,0),(p+2k+q+1—0—m, 1), (p+2k+q+1+n—71),(c,1); P

Corollary 10. Leta=a=1,8= % and & = 1. Then Theorem 5 is reduced

’_ %) 2k+-qg+1
(z)Pratntn’ =y (2)2k(—s)k ()7
() ZT(k+3)T (k+q+52)

(CD7777 0,07 App—1 E/\ C(t p) Hq,r,s(t)) (‘T) =

wop. | (@D (p+2%k+q+ 1) (p+2%k+q+1+n—o-ml)(p+2k+qt+1l+o +n+n —y—m1),(\1);
S ((9,0), 0+ 2%k +q+1—0—m1),(p+2%k+q+1—v+n+7,1), (p+2k+q+1—y+n+0c —m,1),(c,1); "]

Theorem 6. Let n,n,0,0',q,r,s,¢,9,7,p € C and m = [R(v) + 1] with
R(p) + m > maz{R(—c"), R +7n" —~)} and p > 0,0 > 0,€ > 0;a and 8 is arbitrary. Then

_ " k4-gq+1
Voot p)—pratntn =1 &0 ()2 (—s)k (1)
(CDpm o B ) WL ) (@) = L o (2) —
ir—o I'(ak + )T (ak+ % + TT)
1), (0" +p—2k—qg—1+m1),(p—2k—q—1=n—0'+71), (=0 —o+v+p-2k—q—1+m,1),(\1);
x5V { ((9,0),(p—2k—q—1,1),(p—2k—q—1—0'+0"+m,1),(p—2k—q—1+~y—n—10 —0c+m,1),(c,1); l’p]' (26)
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Proof. Let the left-hand side of (26) be denoted by “D,. Applying (8) and (14) and using the
definition (1) we get

D, = (DL B (4 p) Wil (1) (@)

q?r’87£
n ©0° 2k+q+1
= Dnn UJWt PZ A—I—TL C_)\) (C)n L (_S)k (%) ! (1,)
B(Ac— A L'(On +9) ”!kZOF(akJrﬁ)F(akJr%Jr%)

By changing the differential and summation order, we get
2%k
CONE)

D Bp(An,c—X) (A)n
B(A,c—X) On+9)n! q | 42
oy S I( ) F(ak+,3)l—‘(ak+§+ o) )

(’Dgaz/>o'7o-/77t—(p—2k—q—n—1)) (x)
Hence replacing p by p — 2k — ¢ — n — 1 in lemma 6, we get

n=0 k=0 —A) Tln+9) 1k + p)r (ak+%+LJ§2>

I'(p—2k—q—n—1+0’+m)'(p—2k—q—n—1—n—n'+)'(p—2k—q—n—1—n'—o+vy+m)
I'(p—2k—q—n—1)I'(p—2k—q—n—1—n'+0'+m)I'(p—2k—q—n—1—n—n'—o+~y+m)
p—Pt2k+gtntl4n+n’—y

(_S)k (%)2k+q+1

X

X

n!
_x_P+q+77+"7/—7+1 o0 (22 (—s)k (%)2k+q+1 i By(A+n.c—\) T(c+n)
') = T(ak+ BT (ak +4+ %) ~  T(-A\) T(On+9)

I'(p—2k—q—n—1+0'4+m)'(p—2k—q—n—1-—n—n'+y) I (=2k—g—n—1—n'—0+y+m) g™
I'(p—2k—qg—n—1)T'(p—2k—q—n—1—n'+0'+m)T'(p—2k—q—n—1—n—n'—c+vy+m) n!"

X

whose last summation, in view of (9), is easily seen at the expression in (26). This completes
the proof of the theorem. O

Corollary 11. Let n,0,,q,7,8,¢,9,7,p € C and m = [R(y) + 1] with R(y) + m > 0 and
R(p) > max{0,R(n—~)+m} and p= 0;a > 0,€ > 0;a and B is arbitrary. Also, let x€ R . Then

(x)fp+q+?7*'y+1 > (x)%(—s)k (%)2k+q+1
I'(A) =0 L'(ak + B)T (ak—l— + 5 )

(), (=n+v+p—2k—qg—-11),(p—2k—g—1—0+~v+m,1),(A1); -
((7979)7@—21@—6]—171)7(P—Qk—q—1—77—U+'Y+m71) (C 1) ’

Corollary 12. Leta=a=1,8= % and € =1. Then Theorem 6 is reduced

(DL (p) W) (2) =

q?T‘?S?g

><4\If4 |:

()Pt =7+l 2 () 2k (—g)k (%)%HH
(Y = T(k+ 30 (k+q+ =52

(c,l)./(a’erkaqu1+m,1),(p72k7q71777777’+7,1),(777'70+7p72kqu1+m,1),(/\,1);x.
((9,0),(p—2k—q—1,1),(p=2k—q—1-0'+0" +m1),(p-2k—qg—1+v—n—n—0+m1),(c1);

(CDnn 00 V=P By (D) Hq,r,s(t)) (z) =
X5Ws {

5 Conclusion

In the paper we established generalized fractional formulas to derive numerous results. The frac-
tional integral and differential formulas (of Marichev-Saigo-Maeda type) involving the product
of extended Mittag-Leffler function and generalized Galue Type Struve Function developed in
this paper will be very useful and are general in character and likely to find some applications.
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